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A generalized approach to  reverse osmosis process design i s  presented for solution-membrane- 
operating systems characterized by the dimensionless parameters y, 0, and h defined in  terms 
of the pure water permeability constant A, solute transport parameter (DAM/KG), mass trans- 
fer coefficient k on the high pressure side of the membrane, and the properties of the solution. 
Analytical expressions are derived, i n  terms of dimensionless quantities, for the change of 
volume of  solution, concentration of the bulk solution and that  of the concentrated boundary 
solution on the high pressure side of the membrane, the change in the permeating velocity of 
solvent water through the membrane, solute separation, and the other related quantities, a t  any 
instance, as a function of concentration of  the product solution on the atmospheric pressure 
side of the membrane, or time from the start o f  the operation for reverse osmosis systems 
specified by y, 8, and h. The equations are applicable to  membranes for which (DAM/KG) i s  
independent of solute concentration and feed flow rate, and for aqueous feed solutions whose 
molar density can be assumed constant and whose osmotic pressure i s  proportional t o  mole 
fraction. The equations are developed first for the case of batch-by-batch operation, and their 
applicability to the flow case is then indicated. 

Transport processes occurring across synthetic and natu- 
ral membranes separating different solutions are of theo- 
retical and practical interest. Before desalination by re- 
verse osmosis became popular, almost the entire work on 
the subject was done by biologists. The permeability con- 
stants of natural membranes to water and solute were 
measured by many workers (1, 2, 8, 9, 12, 16, 1 7 ) .  
Jacobs and Stewart ( 1 6 )  expressed the solute permeability 
constant as D A M / G ,  and Eyring and co-workers ( 1 8 ) ,  who 
based their results on the theory of absolute reaction 
rates, expressed it as ( D A M / K S ) .  After the invention of 
the Loeb-Sourirajan type porous cellulose acetate mem- 
branes ( l o ) ,  several studies have been reported on the 
transport of various solutes through such membranes 
( 3  to 5, 11, 1 4 ) .  Lonsdale, et al. (11) proposed a homo- 
geneous diffusion model for solute transport through the 
above membranes; their model also expresses solute 
permeability coefficient by a term equivalent to ( D A M /  
K S )  ( 1 3 ) .  Transport equations based on nonequilibrium 
thermodynamics are given by several authors ( 4 ,  13, 15) .  
Assuming constancy of three coefficients, namely the 
specific hydraulic permeability, the local solute perme- 
ability, and the reflection factor (which is said to be a 
quantitative index of solute separation), Spiegler and 
Kedem ( 15) have given transport equations theoretically 
applicable for the entire 0 to 100% range of solute sepa- 
rations, and their validity have been demonstrated ex- 
perimentally by Jagur-Grodzinski and Kedem (3) .  How- 
ever, the equations based on irreversible thermodynamics 
do not appear very convenient for reverse osmosis process 
design purposes. 

The Kimura-Sourirajan analysis of the experimental 
reverse osmosis data offers a convenient approach for 
setting up general equations for reverse osmosis process 
design (5, 14). In this analysis, which is also applicable 
for the entire range of solute separations, the transport 
of water and solute through the membrane is specified 
by the pure water permeability constant A, and the 
solute transport parameter ( D A M / K ~ )  which is inde- 
pendent of feed concentration and feed flow rate for 
several solution systems such as sodium chloride-water, 
glycerol-water, and urea-water. Provided the mass trans- 
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fer coefficient k on the high pressure side of the mem- 
brane is available, or can be calculated, the quantities A, 
(DAM/KG),  and k enable the prediction of membrane 
performance for different operating conditions of feed 
concentration and feed flow rate at a given operating 
pressure (14 ) .  Thus the Kimura-Sourirajan analysis offers 
a rational basis for reverse osmosis process design based 
on the fundamental equations for solvent and solute trans- 
port through membranes; the process design procedure 
based on such analysis has beeen illustrated with particu- 
lar reference to saline water conversion ( 7 ) .  This paper 
presents a generalized approach to reverse osmosis pro- 
cess design for solution-membrane-operating systems 
characterized by the dimensionless parameters y, 6, and 
A defined in terms of A, (DAM/KG) ,  k, and the properties 
of the feed solution (6). The equations presented in this 
paper are applicable to both natural and synthetic mem- 
branes for which (DAM/KG) is independent of solute 
concentration and feed flow rate, and for aqueous feed 
solutions whose molar density may be assumed constant, 
and whose osmotic pressure is proportional to mole frac- 
tion of solute. The equations are developed first for the 
case of batch-by-batch reverse osmosis operation, and 
their applicability to the flow case is then indicated. 

DEFINITIONS 

The solution-meinbrane-operating system is specified 
by the fundamental design parameters y, 6, and A defined 
as follows: 

B' 
P 

BXA~O B 
Y = - = - CAl0 = L C A l 0  

C P  P 

In addition, the osmotic pressure-concentration relation- 
ships, the velocities of pure water and solvent water 
through the membrane, and the dimensionless solute 
concentrations are defined as follows for convenience in 
analysis : 
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(4)  
CA 

C 
r ( X A )  = B X A =  B - = B ' c A  

where B and B' are constants, and 
B B  

C P  P 
AP ow* = - 

C 

(7)  

(9) 

Combining Equations (1)  and ( 5 )  

and 

Combining Equations (2)  and (6) 

Y = Y o  CAlo  (10) 

(11) Y* cA3 = Y c3 

All the symbols used are listed and defined at the end of 
the paper. The subscripts 1 and 2 refer to the bulk solu- 
tion and the concentrated boundary solution respectively 
on the high pressure side of the membrane, and the sub- 
script 3 refers to the membrane permeated product solu- 
tion. The superscript zero refers to the initial condition in 
the batch process or to the condition at membrane en- 
trance in the flow process. 

BASIC EQUATIONS 

The following basic equations have been derived (6, 
7) : 

(13) 
N B  vw=-- - ow* 11- y ( C r  C3) 1 
C 

c1 = c3 q 
where 

] (15) 
= + (yC3 + #0) exP[-x(yc8+ 0)  

1 

Equations (13) to (17) are applicable at any point on 
the membrane surface at any time in the reverse osmosis 
separation system. 

ANALYSIS OF BATCH-BY-BATCH 
REVERSE OSMOSIS PROCESS 

The object of this analysis is to obtain analytical ex- 
pressions, in terms of dimensionless quantities, for the 
change of volume of solution on the high pressure side 
of the membrane (VI/V1O), the concentration of the bulk 
solution ( C l )  and that of the concentrated boundary 
solution ( C 2 )  on the high pressure side of the membrane, 
the change in the permeating velocity of water through 
the membrane ( vw/oWo), solute separation, and the other 
related quantities, at any instance, as a function of the 
concentration of the product solution (C3) on the atmos- 
pheric pressure side of the membrane, or time from the 

start of the operation, for solution-membrane-operating 
systems specified by the parameters y ,  8, and A. 

General Case 
At any time t ,  let V1 and C1 be the volume and con- 

centration respectively of the bulk solution on the high 
pressure side of t,he membrane, and let V3 and C3 be the 
corresponding values for the membrane permeated prod- 
uct solution on the atmospheric pressure side of the mem- 
brane. At time t = 0, 

c1 = c10 = 1 (18) 

c3 = c30 (19) 

v1 = v10 (20) 

- d v 1 =  ma (21) 

(22) 

At any time t, 

- d(V1C1) = c3dv3 = - cam1 

Integrating Equation (23), 

where 

From Equation (14), 

c1- c3 = c3(q- 1) (26) 

Differentiating Equations ( 14) and ( 15), and using Equa- 
tion (26), 2 may be expressed as 

Y - Y 

= q: c X(yC3 + 012  (yC3 + 0) 

On integration Equation (27) becomes 

1 - 

+ ( 1 + 8 2  ) In& + y ( C 3 -  C30) 

1 "  

m = l  YC3 + 8 

1 1 1 - (- >" } 2 ( m + n + l ) !  (XB)"+n (28) 
n=l 

Even though Equation (28) is a general solution for 2, it  
is inconvenient for practical use. Simpler expressions for 2 
will be derived later in this paper for some cases of prac- 
tical interest. 

The permeating velocity of solvent water (v,) through 
the membrane can be expressed as 

1 dV1 
ow=-- -  

s dt 
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Fig. 1. t vs. (Vio /Vi )  for 0 = 0.01, y = 0.1 to 0.5, and h = 200 
to 00. 

where S is the area of the membrane surface. Combining 
Equations (13) and (29), 

From Equations (24) and ( 2 5 ) ,  

VI = V1O exp (- 2)  (31) 

Combining Equations (30) and (32) 

sv,* exp (- 2)  dZ 

V1° dt = (33) - 
1 - Y(C2 - C3) 

Let a dimensionless parameter T, representing time, be de- 
fined as 

(34) 
From Equation (33), 

From Equation (16), 
n 

0 4  . . 
1 

Fig. 3. t vs. C3 for e = 0.01, y = 0.1 to 0.5, and A = 200 to 00. 

(37) 

Substituting for rEZ/dCs from Equation ( 2 7 ) ,  

It does not seem possible to obtain an analytical solution 
to Equation (38),  but T may be evaluated by numerical 
integration as functions of y, 0, and X for any assumed 
value of CS. For this integration, C3O is obtained from the 
simultaneous solutions of the following equations obtained 
from Equations (16) and (17) which, at t = 0, become 

and 

1 + e - yczo)2 + 4yec20- (1 + B-~c ,~ )  c,o = d( 
2'y (40) 

The instantaneous solute separation f may be defined 
as 

and 

Fig. 2. t vs. C1 for B = 0.01, y = 0.1 to 0.5, and A = 200 t o  00. Fig. 4. t vs. 3 for 0 = 0.01, y = 0.1 to 0.5, and A = 200 to M. P 
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Using Equation (14) again, 

or 

Also, from Equations ( 13), and (36), 

Thus for the general case of the batch-by-batch process, 
the dimensionless quantities (V1/Vl0), 2, T ,  C1, CB, Cao, 
C3O, q, f, ( U ~ / D ~ * ) ,  and ( O ~ / O , O )  are expressed by 

(15), (43), (44), and (45) respectively, and their mag- 
nitudes can be calculated for any assumed value of C3 
wiih reference to any particular system specified by the 
parameters y ,  8, and A. T,he correlations of ( V1/Vl0), C1, 
C3, $3, q, and (uw/uwo) as functions of T are particularly 
convenient for reverse osmosis process design. A set of 
such correlations is illustrated in Figures 1 to 6. An ex- 
tensive compilation of such correlations may prove very 
useful for design purposes. 

The points in the Figures 1 to 12 are not experimental 
data; they simply identify the lines, the data for which 
were obtained by computer calculations. 

Equations (24), ( 2 8 ) ,  (381, (14), (16), (39), (40), 

SOME SPECIAL CASES OF THE 
BATCH-BY-BATCH PROCESS 

Case 1: y = 0,  and h + 00 

This limiting case is of interest both for purposes of 
comparison with actual cases, and as an approximation 
to those practical cases where the osmotic pressure and 
concentration polarization effects are negligible. Using 
Equations (13), (14), (15), (24), (33), and (42) for 
the special case, the following relationships are obtained. 

(2),/2),*) = 1 (46) 

Fig. 5. T vs. 9 for B = 0.01, y = 0.1 to 0.5, and  h = 200 to 00. 

I 
L L L J  

20 2 4  28 31 
1 ,  U L L L - L L L L L 8 ,  I , ,  ' 1 

0 4  0 8  
7 

Fig. 6. T vs. (vw/vWO) for 8 = 0.01, y = 0.1 to 0.5, a n d  h = 200 
to 00. 

1 
f=- 

1 + 8  
(49) 

Ci 8 
c3 = - 

1 + 8  
(53) 

(54) 

(55) 

= -  (1 + 8 )  InC1 (57) 

. . z =  (1 + 8 )  Inc1 (58) 

(62) - - 1- C*-"+8' 

Thus for the special case y = 0, and + 00, the quanti- 
ties (VdV1O), 2, 7, CI, CZ, Go, Go, q, f, (2)w/ow*) and 
(uw/wwo) are expressed by Equations (57), ( 5 8 ) ,  (62), 
(SO), (51), (5.21, (54), (48), (491, (46), and (47) 
respectively, and their magnitudes can be calculated for 
any assumed value of C3 with reference to any particular 
system specified by the parameter 8. Further, from Equa- 
tion (62), 
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0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 
z 

Fig. 7. c vs. F(r) fory = 0.1, 0 = 0.005 to 0.56 and h = 00. 

In c3 

C3O 
z = Y ( C 3 - c 3 0 )  4- (1+8)In--- 

Using Equations (53) and (54), 

8 ' c 3 + :  c30 + - I 

I 

1 i + e  
c3 = C3O [,,I 

1 

1 (1 + 8 )  

(65) 

The form of Equation (65) is particularly interesting for 
practical design purposes, and its use will be discussed in 
the next section. 

Case 2: h * to 
This limiting case is of interest both for purposes of 

comparison with actual cases, and also as an approxima- 
tion to practical cases involving extremely high mass 
transfer coefficients, or very efficient stirring in the vicinity 
of the membrane surface on the high pressure side. Using 
Equations (13), (14), (15), (16), (17),  and (27) for 
the above special case, the following equations are ob- 
tained. 

:. c3=-=[ , ]  c3 

C3O 

1 

= + (yC3 + 8 )  

c l = [ l +  ]c3 (68) 
(YC3 + 0) 

y J  
(73) 

I 
. v1 

V1° 
. . In-= 

A )  In-- In 

(74) 
From Equations (33) and (37) 

" 
1 - y ( c 1 ' -  C3) = 

(YC3 + 8) 
Differentiating Equation (73),  and substituting in Equa- 
tion (75), 

(YC3 + 8), 

C3O c3e c3 
'T=P [ + '1 exp ( - Z ) d C 3  (77) 

where 

i c3+- e l  
Y 

exp C- y(C3 - C3O) 1 (78) I c30+; J 
Thus for the special case h * to, the quantities (V1/VIo), 
Z ,  7, CI, CZ, Go, Go, q, f ,  ( ~ d u w " ) ,  and ( ~ d u o W )  are 
expressed by Equations (74), (73),  (77),  (68), (50), 
(51),  (70), (66), (67), (71), and (72) respectively, and 
their magnitudes can be calculated for any assumed value 
of C3 with reference to any particular system specified 
by the parameters y and 8. 

Further, following the form of Equation (65),  one 
may express 

z 
Fig. 8. c vs. F(c) for y = 0.3, e = 0.005 to 2.56 and h = to. 

Vol. 15, No. 6 AlChE Journal Page 833 



I 

r e 1 '  
c3+--- 

Y YX 

8 1  
c30 + --- 

Y YA , 

In 

and establish a correlation between T and F ( T )  for differ- 
ent values of y and 8 for the case X -+ co. A set of such 
correlations is illustrated in Figures 7, 8, and 9. Such 
correlations are extremely useful for a quick evaluation of 
C3 for any given value of T. 

Case 3: h i s  large and finite, and he > 1 
In most cases of practical interest, the mass transfer 

coefficient is sufficiently large so that A becomes large 
and X8 is greater than 1. When X is large, 

1 
1- ( 8 0 )  

(89) 

or 

Differentiating Equation ( 8 5 ) ,  and evaluating C3 (q - l), 

( 2 5 )  

8 c3 ] In- ['+'+ (18-1)  Cs0 
= y ( C 3  - C30) + 

X ( X 8 -  1) 

c30 + - 
+ 2 In 

Differentiating Equation (89), 

Let 

c'3 + - 
Y 

+[1-  
A(h8-  1)  

1 

e i  
Y YX 

(c3 + ---) 

l . O , I , I , l l , ,  
,= 0 I 

m 2000 500 200 100 50 

0 0.2 0.4 0.6 08 LO 1.2 1.4 1.6 1.8 
7 

Fig. 9. t vs. F ( T )  for y = 0.5, e = 0.005 to 2.56 and A = to. Fig. 10. T vs. F ( t )  for y = 0.1, 0 = 0.005 to 0.32, and IL = 50 to CO. 
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l l l i l l l l l l  I 1  
0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 * 

Fig. 11.7 vs. F ( t )  for y = 0.3,B = 0.005 to 0.32, and h = 50 to SQ. 

Using Equations (36) and (92), 

Thus for the case A is large and A0 > 1, (V1/VIo), Z, 
T ,  C1, q, and f are expressed by Equations (go),  (89), 
(93), (85), (82), and (84) respectively; and Cz, Czo, 
C3O, ( vw/vw4), and ( uw/vwo) are expressed by Equations 
(lti), (39), (40), (44), and (45) respectively as in the 
general case. 

Further following the form of Equations (65) and 
(79), one may express 

1 

1 
1 .t Heno- - , - ..._ 

10 1 
(94) 

c3=-=[ c3 ] 
C3O l - F ( r )  

and establish a correlation between T and F ( 7 )  for dif- 
ferent values of y, 8, and A. A set of such correlations is 
illustrated in Figures 10, 11, and 12 which show that the 
values of F ( T )  are essentially the same for a given value 
of he. The latter observation suggests that the quantity 
A8 is a particularly useful design parameter. 

Case 4: y = 0 
This case is an approximation to practical cases where 

the osmotic pressure of the solution is negligible. From 
Equations (15), (27), and (35), q, 2, and C, for the 
above case may be expressed as 

(95) 

and 
1 

EQUATIONS FOR THE FLOW PROCESS 

Consider the reverse osmosis process for feed flow 
through a channel. The geometry of the channel is im- 

- 
* =  m 2000 500 200 I D 0  50 

I i o ,  l i i L  VALUES OF 

B A N O h = m  
0.6- 

F(T1 - 

0 0.2 0.4 0.5 0.8 1.0 1.2 1.4 1.6 1.8 z 
Fig. 12. T vs. F ( t )  for y = 0.5,B = 0.005 to 0.32, and A = 50 to 00. 

material for this discussion. Let l / h  be defined as mem- 
brane area per unit volume of channel space. Let G O  and 
u be the average velocity of feed at channel entrance, and 
at a longitudinal distance x from channel entrance re- 
spectively. From the water and solute material balance 
over a differential length dx at distance x from channel 
entrance (Figure 13) the following equations are ob- 
tained. 

- 

dz  

dx 
n = z + - d x +  ( 4 ) d x  

. d c  vw 
dx h (99) . . - -=-  

d 

th 
CCI = EC1 + - (ECl)  dx -t C3 (4) dx (100) 

du =-c3- 
dx 

du d u  

dx dX dx 
+c1-=c3- (103) 

- dC1 
U -  

(105) 
d u  dCi 
U c1- CJ 

The right side of Equation (105) is identical to that of 
Equation (23) given for the batch-by-batch operation. 
Comparing the dimensionless parameters 

-=-- - 

and 

(34) 

it is evident that at time t = 0, l / h  in Equation (106) is 
the same as membrane area per unit initial volume of 
feed solution, S/VIo, in Equation (34), and distance x 
from channel entrance divided by velocity at channel 
entrance, x/Fo, in Equation (106) is the same as time 
elapsed from the start of the operation, t, in Equation 
(34). Consequently when S/Vl0 and t in the batch-by- 
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I c l + + ? A x  

I 
Fig. 13. Schematic diagram for the reverse osmosis flow process. 

batch operation are replaced by l / h  and (x/G0) respec- 
tively for the flow process, T for the batch process corre- 
sponds identically to X for the flow process; and, on the 
basis of Equation (105), all the correlations developed 
above for the batch process when expressed as functions 
of T become applicable for the flow process when ex- 
pressed as functions of X .  

CONCLUSIONS 

The dimeiisioiiless quantities y, 8, and are the basic 
design parameters for the reverse osmosis membrane 
separation process. When any solution-membrane-operat- 
ing system is specified by the above parameters, the gen- 
eral equations presented in this paper offer a means of 
predicting membrane performance for different operating 
conditions, aiid establishing the optimum conditions of 
operation for a given performance. Thus the reverse 
osmosis membrane separation process can be treated as a 
general unit operation in chemical engineering. 
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NOTATION 

A 

B 

B’ 

c 
CA c = CA/CAIO 

C3 = C A ~ C A ~ O  

DAM = diffusivity of solute through the membrane, sq. 
cm./sec. 

( DAM/KS) = solute transport parameter for membrane, 
cm. /sec. 

f = solute separation defined by Equation (41) 
( l / h )  =: area of membrane surface per unit volume of 

k = mass transfer coefficient on the high pressure side 

= pure water permeability constant, g.mole H20/  

= proportionality constant defined by Equation (4), 

= proportionality constant defined by Equation (4), 

= molar density of solution, g. mole/cc. 
= molar concentration of solute, g. mole/cc. 

sq. cm. sec. atm. 

atm. 

atm. cc./g. mole 

channel space, cm.-’ 

of the membrane, cm./sec. 

mole/sq. cm./sec. 
N B  = solvent water flux through the membrane, g. 

P = operating pressure, atm. 
q 
S 
t = time, sec. 
u 

vw 

vw* 
V 

x 
X 
Xa 
2 

Greek Letters 

y 
y* 
8 
@ 

w(XA) = osmotic pressure corresponding to XA, atm. 
T 

Subscripts 
1 = bulk solution 
2 = concentrated boundary solution 
3 

Superscript 
0 

= quantity defined by Equation (14) 
= area of membrane surface, sq. cm. 

= average fluid velocity in the transverse length of 
the channel at  a given x, cm./sec. 

= fluid velocity component in the direction perpen- 
dicular to the membrane surface, cm./sec. 

= quantity defined by Equation (6), cm./sec. 
= volume of solution on t,he high pressure side of 

= longitudinal distance from channel entrance, cm. 
= quantity defined by Equation (103) 
= mole fraction of solute 
= quantity defined by Equation (25) 

= quantity defined by Equation (1 )  
= quantity defined by Equation ( 5 ) ,  cc./g. mole 
= effective thickness of membrane, cm. 
= quantity defined by Equation (2)  
= quantity defined by Equation (3 )  

= quantity defined by Equation (34) 

- 

the membrane, cc. 

= membrane permeated product solution 

= initial condition for the batch process, or condi- 
tion at channel entrance for the flow process 
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